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and
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Introdution. Spontaneous symmetry breaking ours when the symmetry
that a physial system possesses, is not preserved for the ground state of the
system. Although the proedure of symmetry breaking is quite lear from the
mathematial point of view, the physial interpretation of the phenomenon is
worth to be better understood. In this note we present a simple and instrutive
example of the symmetry breaking in a mehanial system. It demonstrates that
the spontaneous symmetry breaking an our for the spatially extended solutions
in a potential haraterised by a single minimum.
A history of the example is as follows. The pupils were suggested the following
exerise at the National Lithuanian olympiad in physis a few years ago. The
system onsidered is a massive square situated in a sharp angle of Θ = 60◦
(Figure 1), the square being aeted by the homogeneous Earth eld. One is
required to nd the onguration, for whih the potential energy of the massive
square is minimum, i.e to nd the ground state of the system. The answer to the
exerise was provided by the exerise book
1
. To great surprise of the examiners
a number of pupils ame to a quite dierent answer whih proved to be the only
orret solution. So the answer provided by the exerise book appeared to be
wrong.
Experiments. Before starting mathematial investigation, let us make a little
experiment. Let us take a (hardover) book, and any ube, suh as Rubbik ube
or a die. Let us slightly open the over and drop the ube into the emerging
gap. What kind of position the ube took?
There is another way to solve the exerise experimentally that has been
found by a quik-witted pupil. Let us ut a square from a sheet of paper and
make a pinhole in the enter of the square. Put a spike of a penil in the hole
and turn slowly the square keeping it inside the angle drawn on another sheet of
paper. This results in a nie losed urve whih an be used to determine the
minimum position of the enter of mass.
1
The solution. Let us now formulate the problem mathematially, not restrit-
ing ourself to a partiular value of the angle Θ. When the angle is sharp, one
an see readily two possible positions of the square, where either the diagonal
(Figure 2a) or the edge (Figure 2b) of the square touhes the sides of the angle
Θ. (The third trivial possibility arises when angle Θ is obtuse.)
To determine the orientation of the objet inside the angle Θ, let us dene
the angle α between the diagonal and a vertial line going from the enter of the
square (Figures 2a, 2b). The vertial do not generally oinide with the bisetor
of the angle Θ. Potential energy of the homogeneous massive square an be
written as: V = mgh, where h is the height of the enter of the square. The
problem thus redues to nding the quantity h as a funtion of two angles (Θ
and α) and the length of the square edge a. Three ases mentioned above should
be treated separately.
a. The diagonal touhes the angle sides (Figure 2a), i.e.
π
4
+ Θ
2
≤ α ≤ π
4
− Θ
2
and
0 < Θ ≤ π
2
. Analyzing △ABE we have: Ψ = π
2
− α− Θ
2
. Similarly △ACD
yields: Ψ = π −Φ−Θ. Thus one nds: Φ = π
2
+ α− Θ
2
. Applying the sine
theorem to triangle ACD we get: d
sinΘ
= f
sinΨ
and
d
sinΘ
= ℓ
sinΦ
. Therefore
we an express f and ℓ through the angles α,Θ and the parameter d = a
√
2.
Finally, the height h an be found as an average of altitudes of the trapezoid
AFGD:
ha =
1
2
(
f sin
π −Θ
2
+ ℓ sin
π −Θ
2
)
=
1√
2
cosα cot
Θ
2
.
b. The edge touhes the angle sides (Figure 2b): 0 < Θ ≤ π
2
and
π
4
− Θ
2
≤ α ≤ π
4
.
In this ase the total height hb an be alulated as a sum: hb = h
′ + h′′.
Analyzing △ABC we have Θ + Φ + Ψ = π. The triangle △ADE yields:
π
4
+ Ψ + Θ
2
+ α = π, so that Φ = π
4
+ α − Θ
2
. Applying the sine theorem
to the triangle ABC yields: a
sinΘ
= ℓ
sinΦ
. Now we an express ℓ, giving:
h′ = ℓ cos Θ
2
. On the other hand, one nds readily: h′′ =
√
2
2
a cosα. As a
result, the total height takes the form:
hb = a
cos Θ
2
sin Θ
sin(
π
4
+ α− Θ
2
) +
√
2
2
a cosα.
The same proedure an be arried out for −π
4
≤ α ≤ −π
4
+ Θ
2
.
. The angle Θ is obtuse: π
2
≤ Θ ≤ π and −π
4
+ Θ
2
≤ α ≤ π
4
− Θ
2
. In this ase
the height hc depends only on the angle α:
hc = a
√
2
2
cosα.
2
Results are plotted for two dierent sharp angles: Θ = π/6 (Figures 3a)
and Θ = π/3 (Figures 3b). The most fasinating feature is that the energy
minimum of the system appears in the positions (2) and (4) whih break the
initial symmetry of the system, rather than in the positions positions (1), (5) or
(3) that preserve this symmetry. In the ases (2) and (4), symmetry beomes
broken spontaneously, beause we annot determine whih partiular position of
the square (left (2) or right (4)) will appear. The phenomenon does not depend
on a partiular value of the angle Θ, as one an see from Figure 4 showing
learly two vaua valleys. The only exeption is the point Θ = 90◦, when both
ongurations oinide. Figures 3-4 have been plotted using Mathematia
2
(Wolfram Researh).
What are the dierenes between well known example of 'mexian hat' (i.e.
the entral ut of hat if we restrit ourselves to two dimensions) and our example?
In the ase of the 'mexian hat', one has a point like partile in potential with
two equivalent minima. In ontrast, here we are dealing with a spatially extended
objet (the square) residing in a potential haraterized by a single minimum
(the angle). If we regard the square as an energy density of a soliton-like solution
(similar to those fasinating shapes
3,4
reently disovered in the Skyrme model),
then our example suggests that the spontaneous symmetry breaking an our
in a potential with a single minimum for extended (soliton-like) solutions.
Conlusions. We hope that the example onsidered will help teahers to
explain the spontaneous symmetry breaking and inspire pupils to look for man-
ifestation of his phenomenon in three dimensional systems. The example an
be easily analyzed and demonstrated in simple experiments. Yet it provides far
reahing onlusions.
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Figure 1. The axially symmetri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Figure 2b. Square position: edge tou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